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ABSTRACT 


The purpose of this thesis is to extend and amplify the compensator 
design concepts developed by E. R. Ross and T. C, Warren | 6 |, The design 
problem that motivates this investigation is; Given a linear feedback 
control system with unity feedback, design a simple cascaded lead or lag 
filter network taking into account the following constraints: 

The open loop plant is fixed. 

The system steady state error is to remain constant. 

The dominant closed loap poles are specified. 

The attack on this problem is divided into two parts: 

(a) Derivation of compensator equations to solve for the numerical 
value of poles and zeros of the compensator network that will fulfill 
the three constraints. (b) An analysis of the zones of the s_ plane 
for which the compensator equations produce a certain type of solution, 
Generally these are the root relocation zones which indicate the range 
of points in the s_ plane at which a root can be located with a given 
multiplicity of compensator networks. Zones defined by various other 
constraints are also considered. This investigation was conducted at 
the United States Naval Postgraduate School under the direction of Dr, 
G. J. Thaler, Verification of results were carried out on an ESIAC 
computer provided under a research contract by the Office of Naval 


Research, 
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KG(s ) 


TABLE OF SYMBOLS 


a 1| 2 t, 
The geueral form for a transfer function of the 
complex variable, s, 


k is the associated gain constant and the form of 





n is the system type number, 


10 (s + 2) . AOalsee 
S05) Dyce ool one 


In this example k = 10 and 


(s a 
G(s ) = ‘s(s +1 and n= 1k, 


A symbol used in general to denote the error coefficient 


Example (1): 


kG(s) 


it 


associated with kG(s). (For systems other than unity 
feed back single loop systems, K is evaluated in the 
same manner but the interpretation is different ) 

It is normal to associate an alphabetic subscript with 
K corresponding to the system type number, n. i.e., 
K Type l 


Vv 


K, Type 2 CEC, 


In this paper other alphabetic subscripts will be used 
as described below. The subscript v will be used only 
to emphasize the fact that a system error coefficient is 


being considered, 


vi 





In terms of KG(s) as defined ahove; 


K lim) s"kG(s) =k 





s-7 0 


In example (1) 


K ae HO 20 


l 


A zero of a function of a complex variable, G(s). 
(s+Z, ) is a factor of G(s), and G(s) = O 

when s = -Z.. Therefore the singular point of G(s) 
has the complex co-ordinates rd, + jO if Z. is a 
real number. 

A pole of a function of a complex variable, G(s). 


a eres 


Ger is a factor of G(s), and G(s) is undefined 
j 


when s = -P,. Therefore the singular point of G(s) 
has the complex co-ordinates = jel ES is a 


real number. 


If the real part of any given 2. or a 1s a positive 
number, then the corresponding singular paint of G(s) 
lies in the left hand half of the’ s plane, 

Closed loop’ when appearing as the first of two 
subscripts. ‘Compensated | when appearing as a second 


subscript or alone with a Gain constant. 


Stee 





“Open loop , when appearing as the first of two subscripts, 
or alone, 

“Uncompensated"’, in the sense that the compensator being 
designed for a system has not been applied. 

The u subscript does not imply instability. 

Denotes a parameter or function associated with a phase lead 
network when appearing as a subscript. 

Denotes a parameter or function associated with a phase 


lag network. 
Example (2): 
KG (s) A general open loop transfer function; 


and with unity feedback 


kG (s) 
KG (s) = T + kG (s)" The corresponding closed loop 


transfer function (unity feedback). 


Example (3 


kG a3) * An open loop transfer function before a 
O 
particular compensating device is applied. 
KGa se ie open loop transfer function of the 
Coc . 


system after the compensator has been applied. If more 
than one system is being considered, different numerical 


subscripts will denote different systems, 
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Example (4): 


(s + Z,) 
G, (s) = Ge Transfer function of a lead network. 


(Gain factor not included. ) 


Example oy: Basic system with cascaded lead network. 


k G(s) = kG (s)G (s) 


Where KY may or may not be equal to Ko depending on the 


restrictions and specifications for the system. 


The attenuation factor of a simple compensating network, 
A number of texts use the reciprocal of this ratio. 

(See Brown and Campbell, Principles of Servomechanisms. ) 
For a lead network AAI ‘ 


For a lag network AK. al : 


A root of an equation (polynomial function) of a complex 
variable. (s +14) is a factor of the equation and 


therefore the factor is zero when s§ = -r, 
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1, INTRODUCTION 

The purpose of this thesis is to extend and amplify some of the 
concepts of compensator design developed in a Master's thesis by E. R. 
Ross and T. C. Warren P8/ at the U. S. Naval Postgraduate School. The 
results of immediate interest will be published in the near future in a 
paper by Ross, Warren and Thaler. Specifically, the results of Chapter 
VI and VII of that thesis will be considered here. The two basic con- 
cepts will be referred to as "the compensator equations. and ‘root 
relocation zones... 

The two concepts are but two parts of a single technique of design 
and analysis. The compensator equations permit numerical calculations 
of compensator parameters, but the equations in themselves do not answer 
questions about the validity of results, The concept of root relocation 
zones allows a determination in advance of actual computation the con- 
ditions which will Sr ee valid and reglizable numbers for the com- 
pensator poles and zeros. In many situations information contained in a 
graphical presentation of the root relocation zones permits a much more 
flexible approach to preliminary design than can be found the popular 
frequency response techniques. 

Statement of the problem: 

A very brief statement is: given a fixed plant, a specified low 
frequency gain, design a compensator to produce a desired pair of 
dominant complex roots. A more exact statement of the problem 
situation and the restrictions imposed will follow. A major portion 
of every recent book on control systems is devoted to the problem of 
compensation design. The first five books listed in the Bibliography 
bear out this pemut. AselCine 7 | reviews a numbereor recent articles 


on the design of compensation. In particular the passive lead and lag 
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network is discussed in considerable detail and therefore the derivation 
of the transfer functions, practical problems of application, etc. will 
not be repeated here. For example, see Thaler, Elements of Servo- 
mechanism Theory, Chapter 9, / 2]. Assuming the preliminary information 
on compensation problems to be known, a more detailed statement of the 
topic of this thesis can be made, 

A linear plant with an open loop transfer function of the following 


form is specified: 


For which the error coefficient is defined as: 


pone lay ef ne iG 
KK po od “eUN ( Ru C So ed io2 ) 
y 4 


| S32 oe 


Le 


ae 


The value of Se is fixed, that is/; a steady state velocity error 
Specification is to be met, 

A point —/7 is chosen. ~-/J?@ is to be a root (Closed loop pole) of 
the compensated system. The motive for choosing this point is a desire 
to improve the transient response of the system. 

Restrictions: The systems considered are linear. Unity feedback 
single loop systems are assumed in all derivations, However the 
results of thesis may be applied to any single loop of a linear con- 
trol system; the concept of velocity error coefficient must be modified 
to that of open loop zero frequence or D.C. gain, if there are trans- 
fer functions present in the feedback loop. The compensation applied 
to the system is restricted to networks or devices that are cascaded to 
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7 
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produce a compensated open loop system transfer function of the form: 


MA 
os Ah G,. Coe kh. GG ee be 
(S+ Ke | c 


Where me is the compensator zero of multiplicity ic and [- is the 
compensator pole of multiplicity 7 : er ae are restricted 
to be real numbers, (There is no such restriction on the poles and 
zero of Gou(5) Further, Since the compensator is to be interpreted to 
be a passive, RC network in most cases, it will be stipulated that only 
real, positive values of pa and fr are of anterest? “his means thae 
the singular points introduced into the system function must all be on 
the negative real axis. 
Solution and analysis: By use of the compensator equations it is possible, 
under the restrictions listed above, to solve for exact values of Ze 
and BZ . The analysis of the problem consists in dividing the s5 
plane into zones in which it is possible to locate a root for specified 
conditions of compensator multiplicity and compensator pole zero ratio. 
An additional part of the analysis will be to consider the minimum pole 
zero spacing possible for a given choice of the point —jV ; and the 
limit of the attenuation factor as the multiplicity of compensator sec- 
tions is increased for a chosen point : 

The notation used is reasonably standard except for the matter of 
subscripts. A precedence for designating open and closed loop functioris 
in this manner may be found in the article by Aseltine, | 7 /. it is 


hoped that the subscripts reduce confusion, rather than increase it, 


The various root locus configurations developed were verified by 
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setting up examples on the ESIAC computer, Une example of the ESIAC 
computer plot is included in Section 1 . The computer work was done in 
the form of a check out of the ESIAC which has been installed by the 
Office of Naval Research in connection with a research program to be 


conducted by Dr. G. J. Thaler. 





2. DERIVATION OF A CONVENIENT FORM FOR THE GENERAL 
COMPENSATOR DESIGN ECUATIONS 


One of the fundamental contributions of Ross and Warren} & | was the 
derivation of a set of relations between the given uncompensated system 
transfer function, the location of a desired pair of dominant roots aid 
the pole/zero configuration of a passive compensating network necessary 
to produce the desired dominant roots. 

Rather than review the Ross and Warren derivation; a similar 
argument will be carried out here with certain modifications that will 
result in a somewhat more convenient form for the “compensator 

: 1! 
equations . 

A system, which will be called the uncompensated system, is 


specified by the open loop function 


4, ay < ie \ fe } od 
C ‘a y, { 6 } _ hy . f { 7 


Pca Py] 
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Pige 


It is further specified that the system error coefficient is to be 
invarient. 

It is assumed that the theoretical (or actual) response of this 
system is undesirable, An indication of the undesirable performance 
being that the dominant roots of the system lie in the right hand half 
of the s plane or are otherwise badly located. The actual locations 
of the uncompensated system roots do not enter into the derivation 


which follows. Reference is made to the roots only as a possible motive 
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FIGURE 2-1 BLOCK DIAGRAM OF 
COMPENSATED SYSTEM 
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FIGURE e-2 POLES AND ZEROS OF GS) 
AS RELATED TO THE POINT S=-r 





for applying compensation in this manner, The discussion of possible 
areas of the s plane in which a root may be located by this system 
does depend upon accurate computation of the uncompensated system roots. 
The question of “root re-location zones will be considered separately, 
It will be assumed in this portion of the discussion that a unique 
solution for the pole and zero of the compensator network is in fact 
possible for the chosen point -r. 

For various reasons a point on the s plane is now selected, say 
-r, and it is desired that (s + r) will be a factor of the character- 
istic equation of the compensated system, The primary reason for choosing 
-r if a hoped for transient response based upon knowledge of the response 
of a 2nd order system with corresponding complex roots. Within certain 
bounds the chosen root located at -r will indeed dominate the system 
transient response. 

The compensated system referred to is to be derived from 2.1 by 
cascading a lead or lag filter of one or more identical sections. The 
simplified block diagram of the compensated system is then shown in 


Figure 2 and the open loop transfer function of the compensated system is 


y) ec mn L:. [ (s+2,)<-GtZ,)] (6+ z)© | 
; - - Se [ Gh) evil St P-) | Ce + P \? 


e3 


Where n is the system type number and Vi is the number of 


identical sections of lead or lag network being employed. 


, vi 
The factor [tae be considered as a lead or lag network, 
(rio 


the subscript f or x being used to denote this fact. (The value 


of K. depends upon the type of compensator), 


t 





The attack on the problem will be the usual one of root locus 
analysis. The "gain. or magnitude criterion will be applied first, and 
then the angle criterion will be applied. The result al be an equation 
involving both the magnitude and angle criterion applied at -r. 

Cam criterion applied ater. 

Consider the symbols defined by Figure 2-2. Figure e-2 presents 
some of the graphical parameters associated with the uncompensated system 
and the point -r. The uncompensated system, 2.1 has a gain coefficient 
K which has been specified. It is a part of the "plant. . From the 
graphical terminology of root locus theory Le can be evaluated at a 
root by forming the ratio of the product of opea loop pole distances 
to the root divided by the open loop zero distances to the same root. 

In a similar manner, as suggested by Figure e-2 a gain coefficient for 
the uncompensated system can be defined at the arbitrarily chosen point 


-r. This new gain coefficient will be denoted as G or Gy Where 
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G can be evaluated directly from the root locus plot of Equation 2.1, 
After the compensator has been applied, the gain coefficient can 
again be evaluated at the point -r, This coefficient has been denoted KO 


(See E,uation 2.2). Where at -r 
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The form for the error coefficient after compensation is, (From 


Equation ”,3); 
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and substituting for k from Equation 2,5; 
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The design constraint is applied at this point in the form; 


We a, 
C 1S IK = z IS _ 


That is, the error coefficient is to be the same before and after 
compensation. Equation 2.8 states that the right hand sides of 


Equations 2.2 and 2. may be equated to form: 
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And by cancellation and rearranging ?.9 becomes 
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Equation/,1lOis a key relation in the argument leading to an explicit 
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solution for Z and = i? 2 MOL? PL 
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zz, Nie 
are unknown, but the ratio pee is known in bermns. ion K the 
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uncompensated system gain coefficient; G _, the uncompensated system 


gain evaluated at -r; and Va » the number of identical phase lead 


2 





/ | 
networks to be employed, This ratio could be denoted as A, pp. where X, 
4 ‘ rd y Pa . 


a 


ie {7 fj 4% - 
Fe ¢ 


is little to be gained by such a substitutioi1 other than brevity. 


e e 2 | } A a f\ ij ie 
is the ratio 4 and Ai, is the ratio /“\ Fhe . At the present there 
2) ; ae 


Before going on to consider the root locus angle criterion at -r it 
will be convenient to investigate the form that Equation 2.10 will take 
when a multiple section lag network is employed. Examination of Equations 
2.5, 2.6, 2.7, 2.9, and 2.10 indicates that if the compensator to be 
employed is indeed a phase lag type, there will be no change in the form of 
the equation, That is, the derivation of the Ky f, ratio in 2.10 does 


not depend on the relative magnitude of the compensator pole and zero. 


Therefore it can immediately be stated that; 
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This result will be referred to later. 

In considering phase angle relations for the compensator network 
at the point -r it will turn out that the relative magnitudes of the 
pole and zero co-ordinates must be taken into account. Therefore, 


Figure 2-3 for the phase lead network will be considered first. In 
Figure 2-3 Coe: ler | and the usual definition of damping ratio 


; : ; Cas an 
for a dominant root in this case would imply O-cos (j . A plane 


. - = a 
trigonometry solution based on triangles Oo eat and C/, aS Zk 


p = 
will be made for two unknown sides, Nee . The six sides of the 


i i i N\/} ia | oe 
triangles will be ee ete CE CO ag dV alee ee se 


rh ) J 
respectively. The symbols chosen for the various angles are arbitrary 
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and the diagram serves to define them except as noted below, > and )~ 
are of course known immediately when the point -r has been chosen. 


4 is the multiplicity of identical compensator sections; and 
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infers that at the point -P, there are 7 poles and at the point 


~ f) 
-Z there are Y 
X 


1 Zeros, 


d is defined to be the angle that must be supplied by the (¥/ 


z 
—_ 


section filter. It is a known angle in that the phase angle locus of 


the uncompensated system that passes through -r can be determined. Call 


* a \ ti “ 


! ‘ , er 
this phase angle locus the Z locus of ee Ce) GZ can be 


quickly evaluated at -r with the aid of a spirule at the same time that 


G . is evaluated. If -r is to be a point on the root locus of the 


compensated system, 2.3, then 


Se D js PD - ct 177 
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where \v) is an odd integer, (usually 1). Equation 2.12 can be considered 


5 4 
to be the definition of Dp in terms of Gd . Therefore ce is a known 
( (7 1%) 


a 
quantity in the problem. 


The embarrassing problem of the sign convention associated with 
Equation 2.1? will be sidestepped by stipulating that in this discussion 


g will always be taken as a positive number defined in terms of the 


C 


compensator as 


2.13 (a) | = | Z| 
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My, is at present unknown, The solution for ) ¢ will be an inter- 


mediate step in the solution for I and cs : 
The law of sines from plane trigonometry may now be applied to the 
gry | ( 
triangles of Figure 2a, For triangle <a eS ake ie ¢ 
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) ~2 5 the law of sines states that; 


and for triangle © “SU, 
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Dividing the left hand equality of Equation 2.14 by the corresponding 
portion of Equation 2.15 produces a new relation in which a value 


previously determined appears. 
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Equation 2.16 may be rearranged as 
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Since Equation 2.10 evaluates the ratio re in terms of 
i Viz, 
5, 


the specified uncompensated system parameter, Equation 2,17 therefore 


involves only one unknown, Therefore; 
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By expanding and rearranging 2.18 in the following steps a more explicit 


solution for r, may be made. 
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If it is desired to solve for A, numerically Equation 2,2) 1s helpiur 

in that it is possible to observe the sign of numerator and denominator 

and thus avoid any confusion about the proper quadrant for ee 
Having a solution for \, it 1s now possible to solve for Pt 


using the right hand equality of equation .14 
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From Figure 2-3 it is seen that 
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So that: 
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Replacing law J, in 2.°6 by its equivalent from Equation 2.21. 
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Which is an explicit solution for 7 in terms of the specified uncom- 
pensated system parameters and the chosen dominant root pair location. 
The right hand equality of Equation 2.15 leads to a solution for 


La, as follows: 


So that: 
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From Figure 2-3 it is noted that 
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Expanding 2.32 it is seen that: 
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Dividing numerator and denominator of 2.33 by Cos() - £) 
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But, Taw) -£) may be solved for as an intermediate step: 
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In Equation 2.35 Taw ) may be replaced by the right hand side of 
o4 
Equation 2,21. 


The result of this replacement is: 
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And 2.36 can be simplified in the two following steps. 
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With the results of Equation 2.38, Equation 2.34 can be reduced as 
follows: 
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FIGURE 2-3. PHASE LEAD NETWORK 





FIGURE 2-4 PHASE LAG NETWORK 
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Equation 2,41 is a companion solution to that of E,uation 2.78. The 
form of 2.28 and 2.41 is very similar. Note the interchange of signs 


ST 
4 


and the reciprocal of the = ratio. 


THE PHASE LAG NETWORK 

Equations 2.28 and 2.41 represent explcit solutions for the poles 
and zeros of an VA section phase lead network, A very similar solution 
for the poles and zeros of ansection phase lag network should be expected 
from the symmetry of the problem. Where possible the form of the phase 
lead equations will be appealed to in finding the phase lag solution, 
As stated before, the question of the existence of real positive 
solutions for a given choice of the point -r will be deferred to the 
section on root relocation zones. 

Referring to Figure °-4 the law of sines applied respectively to 
triangles OO nA and O-n, ~ Fy produces the following two 


relations; 
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Note that Le is defined differently in Figure 2-3 than /)\ was 


detiwed in Figure 2-7. 

As before the angle Pp will be defined as the angle that must be 
provided by the compensator network so that -r will be a point ona 
root locus segment of the compensated system. The direction of measure- 
ment of L on diagram 2-3 is the conventional positive direction. 

: : @P (D TD) 
The geometry of the figure defines £— in terms of YS and ¥7> 4S; 


yn 
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Again the absolute value symbols are used only to avoid the question of 
the sign convention for pole and zero angles. The following argument 


assumes gp to be a positive number. (Equation 2.12 will assign a plus 


e : 
or minus sign to PD depending on the convention used.) In any event, 


i will be less in absolute value than UL’ ; 


C 
Dividing the left hand equality of Equation 2.42 by the corresponding 


portion of Equation 2,43 it is found that; 
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Equation 2.45 can be rearranged as 
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By reference tq Equation 2.11 it is possible to write an equation in 


which ae is the single unknown. 
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Equation 2.47 compares in form to Eyuation 2.18 and this fact may be 
used to write immediately the solution for h using the form of 


Equation 2.°l1, 
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Using the right hand equality of E,uation 2,42 a solution for 


Z ye can be written. 
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And from Figure ?b it can be seen that; 
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Again the form of a preceding solution may be used, 
Examination of the form of Equation 2.21, 2.22, 2.23 shows that 
Equation 2.28 has the form of the desired solution. 


The replacements to be made are; 


ie replaced by Za (Compare 2.22 and 2,49 
"2,23 and 2,50) 
[ 


hy \' /Gn)* 
-_ replaced by / _ = (Compare 2.21] and ?.48) 
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So that the solution for a is: 
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Finally, a solution for ee can be obtained by use of the right 


hand equality of Equation 2,43 
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And from Figure 2-4 it can be seen that 
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Comparing the form of Equations 2.52 and 2.30 
On > andes. si 
2.48 and 2,21 1 ae 
possible to use the form of Equation 2.41 for the solution with the 


replacements: 


a replaced by i 
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So that the solution for I becomes: 
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The results of the foregoing argument may be summarized by listing 
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the four compensator equations . see Tigure 2-5 for -aetypiear 


example of computations based on the compensator equations. 
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COMPENSATION EGUATIONS 
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3. ATTENUATION FACTOR LIMIT FOR MULTIPLE SECTION 
COMPENSATORS 


NM? 
The attenuation for an v4 identical section compensator 


network is: 





of ¢ f 
where (Oza Yar for a lead network and J2Xko for a lag network, 
From the compensator equations it is possible to compute Xx for a 
lead or lag network as follows: 


Divide Equation 2.28 by Equation 2.41 so that, for the lead network; 
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Similarly for the lag network divide Equation 2.51 by Equation 2.54 to 





produce; 
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The example in the preceding section (Figure 2-5) suggests that 
there may be an advantage to using several identical sectio>s: to com- 
pensate to a given point rather than a single section (when -r is in 


a single section zone), One method for studying the attenuation ratio, 
ss 


(VY 
x a , is to consider Equations 3.2 and 3,3 as Va increases, 
Taking Equation 3.2 first this process may be stated as; 
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These two substitutions will be made. However, £3 will not be 
replaced by unity as would be normal in such a limiting process. Such 
a procedure can be justified by a formal investigation of the con- 
vergence of the limiting process. In this case experience and intuition 


Z 


indicates that the contribution of or becomes small relative to AG 

C 7, 

very rapidly but since we are to raise the resulting ratio to the V/i; 
XL 


power the ES term retains its significance. With these ideas 


in mind, Equation 3.4 can be written as; 
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ineeadacvon 3.5 the Sin ¢ term can be factored out and canceled to 


produce; —_ ey 
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mreEquation 3.f the factor (4- Cy can be cancelled and the 


result is: 
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Now if it is considered that the zero/pole ratio represented by 3.8 is 
h\3 

a finite number equal to Se C then the attcnudeion natroecor 
Gay 

an 4 section filter, where Ves is an arbitrarily large but 


finite number is then: 
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( a large) 


(large. is not defined, ve = } might be considered "large enough. 
in most cases.) 

As indicated in Figure °-5 the attenuation ratio for a multiple 
section lead network would be improved by increasing the number of filter 
sections used to achieve a given complex pole location, The theoretical 


’ 
Limit on the attenuation ratio with increasing Y is “— ; 


Cn 
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It appears that the limit is approached rapidly, perhaps 2 or 3 sections 
coming close enough to the limit to preclude cascading additional units. 


The corresponding result for the lag network, using E,uation 3.13 is; 
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From which it follows; 
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A design procedure based on this concept would be to calculate a 


pole zero configuration based on the smallest value of ‘'/ that will 


satisfy the problem conditions. The zero/pole ratio of the computed 
| ke 
compensator may then be compared with the ratio saa . lf the vecam- 
Coe. 
parison indicates that an improvement in the attenuation ratio is 


possible and practical, then a higher value of OY” can be used to 


calculate a new pole zero configuration for the compensator, 
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4, ROOT RELOCATION ZONES: GENERAL DISCUSSION OF DEFINING 
FUNCTIONS FOR THE LIMIT LOCI; SINGLE SECTION ZONES 

In the preceding derivation of the compensator equations it was 
assumed that a solution for a compensator pole zero configuration was 
possible for the selected location of a dominant root, -r. Ross and 
Warren found that the entire s plane could be divided into "lead and 
lag. zones with the is root loci of the uncompensated system 
serving as boundaries, However, it was found that the number of 
sections of compensator network required for a solution was theo- 
retically (impractically) high except for well defined ‘single lead 
or lag zones'. The method derived by Ross and Warren to define the 
Single Section zones will be developed in a slightly different manner 
here to bring out the relation of the re-location zone limit lines to 
the specified uncompensated system transfer function. It will be in- 
dicated in Section 6 that in theory this method can be applied to 
define the limit lines for double, triple, etc,, zones. However, for 

v7 oa the procedure requires a root locus solution for each point 

or tne limit. 

The argument which follows is stated emplicitly in the thesis by 
Ross and Warren | 8 / but a proof based on the theory of equations was 
used. The general form of the derivation and the notation used here 
was suggested by Dr. R. C. H. Wheeler in his lectures on advanced linear 
servo theory. The extension to zones in which compensator attenuation 


is held above a specified minimum was outlined by Dr. G. J. Thaler. 


Certain additional points were suggested by W. Evans (See Evans, 


ee | 
Control-System Dynamics, page 160 ) } 1. 
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The open loop transfer function of an uncompensated system 


41 .. | = 
ie Is = how PES i _ fs 
———— Wt a 
The form is restricted to Type O or higher, that is, 
Pie Ps ... may all be greater than zero, or one or more of the P, 


be zero, but the exponent of s in the numerator cannot be negative. 


may 


The closed loop transfer function of the uncompensated system can 


then be written as 
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Where the r, are the roots of the system characteristic equation. 


j 


This form, written in terms of the roots of the system characteristic 
equation implies that the coefficient of 5! is unity, or in other 
words j ~ i+ 1. That is, the order of the denominator must be at 
least one greater than the numerator. 


If the system described by 4.1 is compensated by cascading a 


single section lead network, the following open loop transfer function 


can be written. 
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As in the derivation of the compensator equations the restriction 
that the error coefficient be invarient must be applied. (As stated 
before, some other restriction could be used, but a constant K_ is the 
most practical.) If the system K is to remain unchanged, the system 
: | 9, trom vi 
type number can not change. This means that A -~“, from which 
Bw, me 
it follows that eles Fi } Z,) way vappreach only in a limiting 


process, 
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Rm Sure 


Where K and K_ are defined in 4.1 and 4.5. 
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And it can be noted at this point that for a single section lag network 


the corresponding relation is: 


F ry 
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The limits of a single section lead network can now be considered 
as a situation in which a recedes to infinity and a rakes on 


particular finite values. Or, for an finite a the Maximum phase 


angle compensation that can be obtained is that of a network with an 


infinitely large value of P It is natural then to investigate the 


L: 


locus of | limit points. for the system in which PE is held at 


va 


infinity and Z, is allowed to assume all values between + «<’ and (J 


L 
(The zero "travels. from —- © to - © <2) Tt must be noted that the 
crucial point of the argument depends upon 4.6, the invariance of the 
system error coefficient during the compensation process. Using the 
general technique of using the root locus method to observe the effect 
of varying one parameter in an equation; it is now possible to produce 
a transfer function in which Ze is the variable and Po is held at 
infinity. lt shogld then be possible to interpret the 1cot. fecus er 
this system as a boundary of the “single lead zone’ of the s plane. 
Equation 4.10 can therefore be considered as an expression which, 
in the limiting case of Eee =<’ » defines a boundary of application 


for the single section lead network. 
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; ae ; Kaj 
This limiting case will be denoted as ‘’ 


and a similar notation will be used for the closed loop transfer 
function of the compensated system. This function will be denoted 
; ; ee 1 Hi tl 
y, i (5) where the subscripts mean closed loop and compensated , 
Cae h 


The corresponding limiting case will be denoted 74... NW re | 
eine WN * 


| Per 


In 4.10 the parameters Py and a do not appear in fe cat.) 


so it is safe to examine the system in which Pe becomes 101 rnvee, 


While Ze remains finite in the following manner: 
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From the limiting case presented by 4.12 we should now be able to 


determine the roots of f (- (5) provided by a maximum angle. lead 


network, Rather than manipulating 4.12 the relation being sought is 


: iti f a bp i 
more easily seen by writing out one farm of fti-. He ae: fs) 
Kir 

based upon 4,12. 
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The roots of the characteristic equation are the roots of the denominator 
OL fin be E. 6a 1a we could proceed with 4.12 to define a rout locus to 
find these roots, however, writing out the denominator of 4.13 it is 

seen that the equation to be solved can be formed as follows: 
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Equation 4.14 can be expanded to: 
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Evans (Control System Dynamics, page 1°9ff£) ie lod outlines the general 
procedure or re-grouping factoring such and equation in an arbitrary 
fashion that allows consideration of any one of the parameters as the 


system variable. A convenient re-grouping of 4.15 is: 


| (sr Pye (s+ P) +h, Gr 7) (57 Z) | 


Hc lls 





By reference to 4.3 it is seen that the term inside the brackets is 
precisely the characteristic equation of the uncompensated system s 


closed loop function. Therefore: 
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Equation 4.17 may now be put into the standard form for determination 
fo , 
° ° £Y~ 4 : 
of a root locus for which = (or more precisely, — ) is the 
“? ie - 4 








system variable: 





Some observations may be made upon the general form of 4.18. First, it 
must be kept in mind that 4.18 describes the root locus defined from 
Ak. Ge) corresponding to the roots of 


ee, } ent ee ik 
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Second, the product in the numerator brackets represents the zeros of 
the original uncompensated system, 

Third, the product in the denominator brackets represents the roots of 
the original uncompensated system. 

Fourth, the reciprocal of FT appears as the variable and accounts 

for the relative motion of the limit for various finite values of zy 
From these observations a symbolic notation for the single section 


lead network limit line defined by a root locus associated with 
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The root locus defined by 4.19 may then form the basis for a set of 


rules for determining the limit of application of the lead compensator 


equations when fee 


One such rule might be: 


"To form the oe limit line for a single section lead network, 
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construct a root locus based on the following singular points: 


7 , + ja Oe 
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the variable parameter being [Hx \ : 


X < ss / / 
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It must be observed that this is Re icict the list of Rules proposed 

by Ross and Warren, which are quoted for comparison. (R&W page 72) [8 / 
a.) Delete all of the original poles, 

b.) Retain all of the original zeros. 

“our Place a Zero at the origin, retaining any already there. 


d.) Place poles at all of the original root positions. 


; ; r 
e.) Draw a pseudo root locus using these new singular points. 


Single Section Phase Lag Network: 


A similar limiting condition exists for the single section phase 


lag network. As was pointed out above one obvious limit on the lead 


” 


and lag network zones is the original =}97 %7yf root locus of the un- 
compensated system. For example, to one "side of the + rm 

locus the phase angle loci representing total system phase andle is 
fg 


greater in magnitude than and represent a region in which a lead 


network is the obvious, and practical, type of compensation. Just 
"across. the locus from the lead area the magnitude of the uncompensated 
system phase andle is less than 7/ and an infinitesimal distance from 
the ae locus in this direction it is observed that a lag network 
of infitesimal pole-zero spacing is satisfactory to bring the root 
locus through a desired point. Again, as the point at which it is 


desired to establish a root moves away from the <= “iy locus in the 


direction of decreasing phase angle, a limiting position for the single 
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lag section, under the restriction of constant error coefficient, is 
approached, This limiting locus can be established for the single 
section lag network by the following argument. 

It was noted above in passing (Equation 4.9) that the compensated 
system gain coefficient, Kao is equal to the uncompensated system gain 
coefficient, Row? multiplied by the ratio of the lag network pole to 


the lag network zero, or; 


1s - #,,, Ve 


ae 


So the compensated system open loop transfer function can be expressed as 


4.20 At. eye Te Ra M8 he C..d5) 


Now in this case the limit of a phase lag network is approached is 
Z approaches infinity for any particular finite value of Pee 
As before two limiting case functions will be defined and the corres- 


ponding root locus will be examined, using P. as the variable parameter: 
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And as before the limiting closed loop function is; 
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The denominator of 4.22 serves as the basis for the root locus. 
(4.21 could have been used with refering to 4.22 as an intermediate 
step, but this way seems a bit clearer.) The characteristic equation 


of 4,22 is then; 
2123 (s+ Nap) -GrPy + Fe Re los , ye (SF Z,)| 26 
Which may be re-grouped as; 


—_——=. 
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By inspection of 4.2 and 4.3 we see that 4.24 can be written as; 


os (s+ PP) ($+ P.)] + i [Griese (sry) |= O 


Where as before the r. are the roots of the characteristic equation 
J : 


of the uncompensated system. 


In the same manner that 4.18 was written, 4.25 may now be put 


tf 
in the "standard root locus form. 
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As before certain observations can be made on this form, notably, P. 
is the variable and not the reciprocal as was the case for the variable 
in the lead network case. This fact should be kept in mind when 
analyzing the relative effect of varying parameters in the lag network. 
ae does not appear explicitly in the “variable term, Intuitively 
this is related to the fact that a lag network generally does not 
require adjustment of the system gain, 

It should be born in mind that 4.26 merely describes a particular 
root locus associated with the compensated system when Ze has been held 


at infinity. The compensated system in that case being described by 


the functions; 
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A verbal rule based on 4.27 might take the form: "to form the 
Z —» <> Limit line for a single section phase lag network, construct 


a root locus based on the following singular points, 
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the variable parameter being Ce 


The rules set down by Ross and Warren are quoted for comparison. 
(R& page 72) [ 8 | 

‘ a.) Delete all of the original zeros. 

b.) Retain all of the original poles. 

c.) Place a pole at the origin, retaining any already there, 

d.) Place zeros at all of the original root positions. 

e,) Draw a pseudo root locus using these new singular points. 
The rules are identical for all practical purposes. It might be better 


to think of the limit lines as a limiting condition of the compensated 


it V 
system root locus, rather than a pseudo root locus. 


A More Desirable Form For the Lag Network Limit Locus Equation: 

It can be easily shown that the root locus plot of a ratio of com- 
plex polynomials such as Equation 4.26 is unchanged if the ratio is 
inverted, A quick check can be made by observing the root locus plot 


ce : and (=) S(s+a) she or 


k 
of a few simple cases such as = and (rc s(s+a) 


k 


Since only the angle criterion 
s(st+a)(s+b 


Soe (=) s(sta)(s+b) 


is of interest the resulting 360° shift of the angle on the root locus 
makes no practical difference. The fact that the gain variable is a 
direct relation in one case and a reciprocal relation in the correspond- 
ing inverted case maintains the “motion of the roots with increasing 
gain from pole to zero. A closed loop root is located in exactly the 


same place regardless of the form of the open loop polynomial ratio used 
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in plotting the root locus, 
Based on the above statements Equations 4.26 and 4,27 may be re- 


written in a@ more useful form, 1.e, 
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This form of the equation allows a direct comparison of the form of 
Ejuation 4.19 and 4.27a, (4.19 being the equation for finding the 


lead network limit locus.) 
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For purposes of application to problems it is easier to remember the two 
equations in this form. Another reason for using this form is 

to set up solutions on the ESIAC computer. Since only the "zeros. 
change between Eyuation 4.19 and 4.2'7a, the number of probes in the 


ESIAC that must be reset is kept to a minimum, 
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2« CONTINUITY OF LEAD AND LAG NETWORK LIMIT LOCI AT 
FOCAL ROOT 

The continuity of the lead and lag limit loci at their common origin 
on one of the uncompensated system roots, called a focal root, is of 
interest in sketching in the loci. Generally the lead limit locus will 
be determined carefully and its angle of emergence calculated graphically. 
The lag limit loci can be defined quickly as a continuation of the lead 
fimict loci “through | the root, the terminating pole of locus being kept 
in mind, Figure @-2 and Figure 5-1 serve to illustrate the problem. 

Only the angle criterion need be considered, The usual procedure 
in evaluating the angle of emergence at a singularity of a function in 
the Root locus form’ is to construct a circle of vanishingly small 
radius about the singularity in question. The total phase angle of the 
function is then evaluated ‘on the circle, leaving out the angle 
associated with the singular point inclosed by the small circle, The 
total angle thus evaluated can be interpreted as equal to the angle 
that must be contributed by the enclosed singularity subtracted from 


O 


180°. (The sign convention being used must be observed carefully. 
In this discussion the 180° will cancel out). Using the angles defined 
in Figure 5-1 equations for the angle of emergence for the single 


section lead and lag limit loci will be written in an abbreviated form. 


Equations 4.18 and 4.26a will be used. 








The angle of emergence of the limit loci defined by 4.18 at the point 


a (focal root) can be symbolized in the following manner: 
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Kroot locus 


lag limit locus 





POUR -). 
continuity of lead and lag 
limit loct. 
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Similarly for the lag network limit loci defined by; 
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The angle of emergence can be symbolized as: 


Now, subtract 5.2 from 5.1 to produce: 


33 OO = Learalnre,) _ Anti ln rho 
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However, -r, is a point on the 44> 180 root locus of Go ks): 


1 


Therefore, it can be stated that; 
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Combining this result with Equation 5.3 it can be stated that 


a ES ee eee 
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And therefore since the angles of emergence from a common point 
differ by 180° we observe that the lines have a common tangent at the 
point and are in fact continuous. By inspection of the general 
defining function for multiple section limit loci (6.3), oe it is 
seen that this concept applies to limit loci of any order. 


*(Section 6) 
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€. ROOT RELOCATION ZONES: EXTENSIOM WF LIMIT TAMIL LDLFINIAG 
FUNCTIONS TO ANY NUMBER OF IDENTICAL CASCANED NETVORKS 

The method of defining the root relocation zone limit lines as a 
limiting case of the compensated system root locus has been discussed 
in detail for a single section lead or lag network. The results were 
easily interpreted as root loci arisi|g from pole zero configurations 
involving the open loop and closed loop poles and zeros. The concept can 
be extended to any multiplicity of ideitical compe..sator sections very 
simply. The extension of methods for actuaily plotting the locus of 
these higher order limit lines is not so easy. As will be shown below 
the difficulty lies in that for ve = Y oaly one point at a time on the 
limit locus can be established by root locus techniques. To find five 
points on the limit locus will require 5 separate root locus plots, each 
one defining a single point on the desired litt locus. 

Tne basic equation is arrived at simply by considering the general- 
ization of the argument leading to Equations 4.12 and -.21. (The 
following equations will be written in pairs ,{denoting lead network, 

x denoting lag network.) An intermediate step would be to write the 
compensated, open loop function for multiplicity wa (see Equation 7.19} 


as’: 
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for a2 multiple lead network, and for a multiple lag network 
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The next step is to consider these functions as P, —=> ~~ and 











L = 
of respectively; which leads to the forms: 
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Which reduce to the limiting functions: 
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Theoretically this is as far as the discussion need be taken, All 

that is necessary to find points on the limit locus corresponding to 

a fixed value of va is to interpret properly the root loci of the 
characteristic equations of 6.3, and 6.3x with Z, and P_ considered 


WZ 





as the respective variable parameters. This technique will be discussed 
fOr Y =e and Ve = 3. (At the conclusion of that discussion 


it may be clearer what is meant by the phrase interpret properly.) 
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{. ROOT RELOCATION ZONES: DERIVATION OF DEFINING 
FUNCTIONS FOR TWO SECTION LIMIT LOCI 


Consider Equation 6.3, with (7 2). 


for kG). CZ) G6) 


: 2 
feat ii Z, 


+e c : = + ie pee a 
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7 a ee | 
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The next step is to factor the characteristic equation of 7.4 ina 
manner similar to that used in Equations 4.16 and 4.17. The 


characteristic equation can be written as: 


ra 


re (84252 12 )hlorzysr2)] +2 (oz) ifr 
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And Equation 7.2 can be regrouped as; 


(3 (S%* 282) h,Gr 2, )eo (S42, )] 
+ 27 |b, (or 2 Br Z) rGrhe eG) ]* 0 


And as before it is recognized that the second bracket term factors 


into the roots of the uncompensated system, Or: 


14 hy, S522, sr ZB) Or Z )tZ [6r9)-- 6) [0 


And we can now put this in the standard root locus form suitable 
nH : aes 1 
for determination of points on the two section limit locus. 


(Equation 7.5) hg 








Equation 7.8 should be compared with Equation 4.18 which is reproduced 


here: (Single section lead network) 








The differences lie in the fact that the gaii. factor now involves 
ag » which is no real problem; but in addition to the added zero 
Ze 
at the origin we have introduced a variable zero represented by the 
factor (StHLZ /s So we can see that as a increases in magnitude 
the roots move in toward the poles (at the r.) but also the root locus 
configuration is changed as the zero at § = eS moves to the 
left along the real axis. The technique here is to pick a value for 
oe say Bey draw the corresponding root locus segment of interest 


using the angle criterion or the system defined by Equation 7.8; then 


locate the point on the locus corresponding to a gain of ; 





This is a point on the desired limit locus for 7. ; 
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This procedure can then be repeated until enough points are found to 
adequately define the limit locus in the region of interest. In 
Figure 7-l this procedure has been carried out for a second order 
system using a spirule. The values of Z for each root locus 


L 


segment are indicated on the diagram, This particular figure is of 
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SECOND ORDER SYSTEM §.222 k, =127.25 


’ GENERALIZED ROOT LOCUS METHOD FOR DETERMINATION OF 





POINTS ON THE LIMIT LOCUS FOR ROOT RELOCATION ZONE 
ASSOCIATED WITH TWO IDENTICAL CASCADED LEAD NETWORKS. 
LOCUS SEGAMENTS FOR VARIOUS VALUES OF Ag DEFINED BY 


THE RELATION: 
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interest in that it is a representative secoid order system. 
The equation defining the two section limit locus lag networks 


(corresponding to Equation 7.8) can be worked out as: 
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This function defines points on the © section lag limit locus. 
Equation 7.6 was put in this particular form so as to correspond 
to Equation 4.26 for the single section lag network. It now appears 
that a better form or the equation is that used in Equation 4,26a, 
The reasons for preferring this form have been stated earlier; the 
use of an ESIAC computer providing the basic motive. For comparison 


the two equations are reproduced here: 
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8, ROOT RELOCATION ZONES: DERIVATION OF DEFINING 
FUNCTION FOR THREE SECTION LIMIT LOCI 
Three identical cascaded lead networks will be considered. As 
before, the lag network case is a direct analogy and will not be worked 
out explicitly. 
The limiting root locus configuration to define the three section 
limit locus is found by substituting /, = 3 in Eyuation 6.3 


and 
L n 


expanding. 
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In the usual manner the characteristic equation of J. 1 will be 
factored by the root locus technique. The roots of the uncompensated 
system will be singled out as a group of factors. The characteristic 


equation is: 
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Though a bit involved it is still within reason to carry out the 
graphical solution for points on the limit locus by use of an aid 
such as the ESIAC. It must be observed that for each value of ay 
chosen, the quadratic term must be solved for the two additional 
zeros, An examination of these factors 1s of -ingerest. 


The equation; 
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Which means the factor es which is the variable when the limit locus 


is being considered, merely serves to move the added zeros out along 


a ‘constant Ae line , as shown in Figure 8-1 below. This observa- 
tion can facilitate a graphical solution, 
Conclusion: (Sections 6, 7, 8) 

The general root locus method for finding multiple section compen- 
sator dividing loci can be extended in theory to any order, The 


application to point by point graphical solutions is certainly no more 


laborious than other analytical techniques that have been applied to 
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servomechanism design and analysis. The method shows considerable 
promise as an engineering design tool in situations where there is 
ready access to analogue or digital computing machinery capable of root 


locus solutions, 





9, ROOT RELOCATION ZONES: A CRITERION FOR DETERMINATION 
OF RELOCATING ZONES BASED ON THE COMPENSATOR EQUATIONS 

It was pointed out that an extension of the root locus method of 
constructing root relocation zone limit lines to two or more identical 
cascaded networks leads to considerable complication. For two sections 
this involves construction of a root locus for each and every point 
that is to be located on the limit line, A somewhat less laborious 
process is a trial and error approach based on the compensator eq- 
uations. 

In the derivation of the relocation zone limit locus it was pos- 
tulated that to place a root on the limit locus would require a com- 
pensator with pole (for a lead network) at infinity and a finite zero 
which would satisfy the gain restriction, To place a root on 
the lag network limit locus would require a zero at infinity. Since the 
following discussion is similar for the lead or lag network, only the 
lead network equation will be examined. The lag network results will 
be stated later. Assume that a solution for a root on the limit locus 


has been made, Symbolically; 


GE ~r is on the limit locus then oe =) Gas 


An examination of Equation 4.28 applied with the above assumption will 


now be made: 
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In all situations where application of the Py eguation is valid 


‘ 


7) 
sin Be is a positive number. Therefore the denominator of 4.26 
Y 
must be zero if P) = coO . If the point -r lies inside the relocation 


zone corresponding to the value of (Y) in the equation then the denom- 
inator of 4.28 will be a positive number, If the point -r lies outside 
of the relocation zone then the denominator of 4.28 will be a negative 


number, The preceding may be summarized by stating 
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Equation 9.1 can now serve as a criterion for determining the reloca- 


tion zone in which a chosen point, -r, lies. 
Example: A relocation point, -r, has been chosen 
He MY =— la ; Equation 9.1 negative, -r lies outside the 
i. N “Se€celon zone. 
ie W = n+l; Equation 9.1 positive, -r lies inside the 


n+l section zone 
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Conclusion: In this example the smallest number of 
identical lead network compensator networks that can be 
used to compensate to the point -r is n+l. 

Eyuation 9.1 contains three variables since the uncompensated system 
gain KY and the multiplicity of compensator networks mY are usually 
specified by the statement of the problem. However, ele EOupe 
supplied by the compensator, p ; the angle associated with the -r 
WeGEOr, s » and the uncompensated system gain at the new root 
location, G., , all depend on the choice of the point -r. (See 
Figures 2-3, 2-4) If it is desired to locate points on the limit locus 
for a given value of Y, Equation 9.1 is somewhat cumbersome. One 
approach is to search for points that satisfy Equation 9.1 along a 
‘constant 5 line,» and thus remove one of the variables. te 


convenient value of S is 45 degrees as will be shown below. 


Equation 9.1 can be expanded to: 
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Equation 9.4 provides a convenient form to use in’ searching for points 
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on a given relocation limit locus that intersect constant lines, 
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Equation 9.5 can be put in another form by squaring both sides to 


produce: 
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And Equation 9.7 can be further simplified to; 


9.8 __—_—————- = 








PUuGmtOrn VarLlous valuce of 


me yy ! oe ey\ (J aaa Reais pen 





= S 2 —=s-  - ~~ C6 = = ue 
C ee y, LG / 
a 7, Rm \ 2 hi 
V4 = al may ae @ _ eas . —/ 7 ‘ 
e a . 


It has been observed that the single section limit locus terminates 
on the original uncompensated system dominant root, It can also be 
observed that Equation 9.1 is satisfied at the same root for any value 
of ao . Therefore for a given value of 07 two points on the 
corresponding root relocation zone limit locus can be found easily the 
first being the original root location and the second being located 
along the a line with the aid of Equation 9.8. If these two 
points are connected by a line or arc of a circle depending on the 
Situation a reasonable approximation to the m7 section limit locus 
has been made. Figure 9-l shows points located along the oo Shee 
line for various values of Y . in general as the value of vy 
increases, the spacing between the corresponding limit loci decreases 
Eapidly, 

The equation defining points on the lag limit locus (from 


Equation 2.51 is) 
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10. DIVISION OF SINGLE SECTION ROOT RELOCATION ZONES 
BY CONSTANT COMPENSATOR POLE ZERO RATIO LINES 


tY 


(ROOT RE-LOCATION ZONES: St: SPECIFIED ) 





In the discussion so far the key to the solution of the compensa- 
tion problem has been the specification of K, the system steady state 
error coefficient. The fact that an infinity of solutions exist in 
general if K is not specified would not bother a mathematician; the 
engineer on the other hand would rather have a more definite answer to 
his questions. A solution involving as many design constraints as 
possible would be of interest to the engineer, even with an apparent 
loss of freedom of choice. 

Two design constraints have actually been applied so far. First, 
the ‘error coefficient has been chosen. Secondly, the multiplicity of 
compensator sections has been determined, Considering these two con- 
straints on the solution, and if we then limit the discussion to single 
section filters, the possible location of system dominant roots is seen 
to be a well defined area of the s plane. If two constraints reduce 
the choice of re-location points to an area (each point of the area 
being related uniquely to a compensator pole/zero configuration by the 
basic compensator equations, ) then it seems reasonable to expect the 
imposition of a third design constraint to limit the location points 
to a line in the s_ plane. The logical limit would be to impose a 
fourth constraint limiting the possible root locations to a single 
’ pone. 

The process of limiting solutions by increasing the number of 
design constraints is not compatible with the basic desire to specify 
the dominant root locations and then compensate the system accordingly. 


6h 





However, the solutions found by the compensator equations, though 
mathematically correct, turn out quite »ften to be physically impractical. 
A choice of a third constraint would then normally involve the limits on 
the compensation network itself, The zero/pole ratio of the compensator is 
of primary concern. If the zero/pole spacing is small, the compensator has 
little effect, if the zero/pole spacing is large, the compensator has 
greater effect, but practical problems arise, The primary problem is one 
of signal attenuation in the lead network and of component size and cost 


in the lag network. In any event, design consideration will put a practical 





Sale z 2 eee 
limit on the number, Ce —— O19 A vy . —* © 
ee J ox 
As defined, the number Xy for the lead network will be smaller than 
unity in absolute value and oA for the lag network will be larger 
1 


than unity. In the following discussion it will be shown incidently that 
there is no mathematical reason for making a distinction between Ay and 
Kx . Since there are several physical and conceptual differences 


between lead aid lag networks it seems wise to continue making the 


distinction to avoid certain pitfalls in application of the ideas, 


LEAD NETWORK, K and <“~_ CONSTANT 


The uncompensated system is represented as 








And design considerations dictate a fixed K, a fixed zero/pole ratio 
and a single section compensator network, The specified K is denoted 


as; 
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: vy j | 
% y im y a ae 
Oe ba KK = A S Ma G,.(5)_ La ane ca 


10.1b aC as oe 


oe 


The compensated system is then specified as: 


aS 


10.2 A. S&S (s) = Ae Wie ren S42.) (S+Z,) 
: 676th) +P) (SrB) 


Where: 


Ore K oe Bees ») “b. (s5, (Ss) 


ee, 


10.4 5 bh. vale ae Vag 
RP 


t 


As stated above it is specified that; 


107.5 K = K 


Therefore we can solve for the compensated system gain coefficient in 
terms of the uncompensated system gain coefficient and the pole/zero 


ratio as: 
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i = 3 } a = 
Were eA ce 1 eS | ee 

oe; , $e ro iz aee 

ss [ i i J 

i oe 
or 
Res 
lo. 7 pb. _ Yy v¢ b, 
Ave =e INE. = waa kN Lt UN 
tig 


For the lead network k a kee 
Cc u 


It is now possible to write the open loop compensated system with 


K specified as; 





o9 Ah > oY af Zo 7‘ oe 
we ‘eo (5, a [ A ye e ae 


" : ae : mo, . ‘ 
In the re-location zone limit line investigation the next step was to 
take the limit of/4,09 as a ae and thea to factor out Ze as the 


variable parameter in a root locus configuration, In this case, however, 


it will be specified that “-( _ s/ ; a particular finite value. 


=i) . Now, with -<_ specified 
PF ate Zr, : Xx 2 


E,uation 10.9 can be written in terms of ee and a as: 


And it is observed that 





: Se ea) 
eed os eee 


oy: 


Corresponding to the uncompensated system defined by 10.1 is the uncom- 


pensated system closed loop function 
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Where the SS are the roots of the uncompensated system's characteristic 
equation, 10.10a is introduced here in anticipation of the form of 
Equation 10.12, 


Equation 10.10 can be written as 
Y. (op BZ )\re (S+Z.)(S+Z) 
10.10b AG (3). A Gre) Cra 
ster (84 E)(s+x 2) 


And the characteristic equation of this system is; 
oy | Es VY 3 
: pee : 8, ay a a ") eee: A ma) 2 , y, Be 
10.11 S (StF oer P. (5 pA 234 K hls + Z)ee (s+ Z\(srZ )-0 


Equation 10.11 can be re-arranged as; 


Ds (547 jase 4- P| ee XZ BS “(8tP)eor(s +f)| 
POR Lb 


STA TR. (S#Z)(5eZ Z,)|+ Z, |X fe, (sr 2)-(5r2)] 0 . 


a 


And another form of Equation 10.11 is; 


51S “(St P)eo.(St ie ane Ths (S+¥ Z)ex(StZ.) | 
ee inte aad me i (srf; Je (or P+ Ba (S¥Z)> Grz,)]= O 
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= al 
The second ‘bracket term’ of 10,12 factors into] (ot/L)eeGtJG) 4 J 
the denominator of Equation 10.10a, 
The first bracket term’ of 10.12 presents a different problem. It could 
be considered that this term represents the uncompensated system with 
a new gain cactor ff = << fe? fe", 
We could then quickly find the roots of the uncompensated system with 
this new gain at the same time we found the roots of the uncompensated 


system represented in Equation 10,10a. And the modified relation can be 


written as 


tm py. J zee s Z, } 
hen 13 k. Cr, (s) T ANG a 


f race ene eae EY ) Qe oe paris ) 
lok ff (5) = A. (32.922 9le ae 
— a oy 


A 
a | 
Where the Joe are the roots of the uncompensated system using the 
ee | 
| pans : 
Pan tector k. ea a ar Call these roots the k. roots . So now 


we can write |Z12 as 


. : 4 , ee 2 i, d y ee x, ri Pee ae 
0. Slop (srit) fi Ze |Orh-(Sr%) FO 
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Equation 10.15 can be considered to define a ew root locus by the 


relation: 


he 16 


a | | 2 o e 
It can be noted that Y/Y Xx = /, so that we can consider either 
et 


PS or a as the variable parameter with xX fixed. 
To sum up what has been done thus far the following rules for find- 
ing the locus of invarient K_ and ex re-location, points may be listed? 


To find the constant X lines, single section lead network, 


K specified: 


1. Graph the root locus of the uncompensated system. 


2. Locate all of the uncompensated system roots. Use the 7 
specified gain constant Kye Call these the KS roots 


3. Multiply the uncompensated gain constant by the reciprocal 
of the zero/pole ratio (boost the ‘gain. by a 


SO that Ay ) 


kh, Using this new (higher) value of gain, k.» locate a new 


set of roots of the uncompensated system. Call these the 
kK. roots 


. n" 1! 
5. Graph a root locus which has the kK roots as zeros and 


1 VW ; rgeaer 
the ke roots as poles plus an additional pole at the origin. 
Constant CX root locus for a single section phase 
lag network 
Equation 10.1 states the form of the uncompensated system open loop 


funceilon. 









Single section 
lead network zone 





—_ _——~— = on oe 


: , 
Single lead limit ocus—7| -a W/O 
“Open loop ewe | 

SECOND ORDER SYSTEM: 

single section lead network root 
relocation zone divided by 


constant c& lines. 


Se se ee A 
Ll “oO SS 
" AN ca stcen) 


Se ae 


YY Se 22 
-~ a 
Var 


FIGURE 10-1 
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j —= 


K = fe eit ND 
— ra Lt Saas ERNE CURES SeaTac ae ESSA eae anaemia Ie ce 
ut ss ae 


Where 


The uncompensated system closed loop function written in terms of its 
moots is: 


bo VL f, Cth) C54 2) 
“F * oa ae eae 


: tl i] 
And as before we can call these the kN roots of the uncompensated 


system. 


The open loop compensated system function is 


ont f. G. (s)= he CtE2 22 GZ) G4 zZ ey) 
S"Sth)- (4B) (34 Px) 

(St Z) 

Where (54 Py \ represents the lag network and x, - Be > / ; 


Also; 





es 
ae » Fm SK G,. ()< eae 


The restriction the K. = KR is imposed so that 


019 f Bok Be fe Bn Be 
Pe Be Par Me ty 


a 





- | 
1 Saag © he= A, £ Vy, LA which is exactl» 


ormres > 


the result for the lead network, except that in this case k <k, 


Going back to Equation 10.17 the substitution is now made that 


7 we 
ly = rae where A is considered fixed: 


10.21 f, G,. (5) = Ae Gre ae re 
se 1 (SF ] P.) (51 X"'2,) 


And from 10,20 Equation 10.°l can be written as; 


10.22 b & (S) = a "Be GrZ,): OF Ay aaa 
gee Se So BSrF je (St P. )(stx Ze 


This (Equation 10.22) is of course identical ia form to 10.10b. 


By comparison with 10.12 we can write the characteristic equation as; 
; att j . ode ; . —— 
ST 5° (sr P)-(s1P,) + Aha 31 Z) (S42) ] 


LORS 


een : [S°(S+ BE) (StF) +h, (512) (6rZ) |= 


The second "bracket term. of 1Oe2s) factors into ihe ‘kS roots. of the 
uncompensated system as before, but there is a slightly different inter- 
Beeuation for the first "bracket term, That is, we must find a new 
set of roots for the uncompensated system from the relation 


= a a , | 
ee i. (5). K ta (St ae oD, _ J, Gt2,) Cr Z) 
Seo) Aes) ET 


3 





And the result is exactly the form of /¥,14 


C r : yay 
(sr 327i srRj)e- Grit; 


11 it 
Call the < the K roots of the uncompensated system. The 
e e o ur e ft e oe 
interpretation now is that these roots are inside the original un- 
compensated system; or since the system gain factor is being decreased 


= 
by A » the roots i lie nearer to the oe In the limit the 


! 
oF will co-incide with the ae as the pole zero spacing of the com- 


pensator increases. In the lead section derivation the r, move out 
to the zeros of k Gifs); either infinite zeros. or finite termination 
zeros of the root locus segment. 

In any event the locus of points that can be ‘uncompensated to. 


with a specified K _ aad ros for a single section phase lag network 


can be defined by the root locus specified by 


(BZ, N[trr)--- Crm) 
5 )¢ 2) + Jt, « (S54 ref) | 


10.24 


The collection of rules for graphing the locus of points at which 
a dominant root may be located using the compensator equations, 


(K and (~X_ fixed) may now be extended to both single lag and lead 


networks. 
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Rules for Finding the Constant ‘X Lines 
Single Section, Lead or Lag Filters 


1, Graph the root locus of the uncompensated system, 
2. Locate all of the uncompensated system roots. 
3. Multiply the uncompensated gain constant, kK by the reciprocal 
of the zero/pole Eat fo; XxX . This will give values ot A, >I 
p — j tt : '! 
for lead networks and /{, <= or lag networks. ( Boost or 
~) 
decrease the gain constant by CY SO that 2. = fod?! 0 
4, Using each new value of gain, A(4,) , locate a new set of 
es A 
roots, call them the . Bb (4) roots of the uncompensated 
c A 
system, 


: " " 
5. Graph a root locus, which has the Ky roots as zeros, and the 


: 
| Pp. (4,) roots. as poles plus an additional pole at the origin. 


If this techiique is to be used in preliminary design, it will 
usually be necessary only to locate the roots of interest along the 
“dominant segment. of root locus. The constant x limes willbe 
nearly the shape of semi-circles connecting and r, and can be 
sketched in quickly. If the value of x is Critical, thenythe entre 
root locus must be drawn. Figure 10-1 shows lines of constant ox 
constructed according to this section. Figure 12-1 shows a different 
CO1fi guration. 

Taking the lead network as an example (see Figure 10-1)... ines 
observed that the possibilities for choice of root re-location points 
Pelee i xed eck, Xx have been reduced to points on a well defined locus. 
The root re-location zone has been reduced to "practical. dimensions 
since all points inside the constant Ee line (say Or 4 ), bounded by 
the uncompensated system root locus represent points for which the 
compensator equations will produce a compensator with XK > X4 : 


(9 


= 





If for any reason the value of Zy is now taken as a specified 
value, the root re-location line is reduced to a single point specified 
by | aca and Zi such a restriction on Za is just mentioned 
as a possible fuurth design restrictiou, Such a restriction would make 
the problem pointless aid trivial to begin with, however, if an upper 


bound on Z, is specified, then part of the cx line is excluded, 


thus making it possible to avoid solutions in which a is too close 


to the origin. 


If K is allowed to vary over a range of values, then a band’ c 

"strip. of possible root locations is created on either side of the con: 
cAline. In most configurations the constant CY line for various K va! 

will intersect in a point or “narrow. segment, 

The root loci that have been developed in this section as ‘constant 
(BE lines” appear in the literature in connection with network problems 
inuxal, Control System Synthesis, page 2/5, (Si, shows how this config- 
uration arises in connection with the transfer impedance of a reactive 
network terminated in a resistance. The root locus showing the effect 
of the loading on the reactive network roots is similar to the second 
order system constant c line example of this section. Evans, Control 
System Dynamics, page 160, Lie applies a root locus technique to the 
problem of selecting the capacitor to be used in a lead network. The 
resulting root locus configuration is exactly that presented in this 
section*, however the approach is quite different. Evans arranges the 
system so that it can be considered as a single impedance viewed from 


the terminals of a lead network capacitor, the capacitor being the 


system variable parameter. 


* See Figure le-l 
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SECOND ORDER SYSTEM Y=.222 9 q.dx 
xX 


showing single section lag network 
root relocation zone divided by 
constant C& lines. . 

FIGURE 10-2 
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11. AN ALGEBRAIC SOLUTION FOR A GENERAL SINGLE SECTION 
COMPENSATOR NETWORK, GAIN NOT SPECIFIED 

In the paper by Ross, Warren and Thaler (Page #3 of the first 
nae) it 1S pointed out that ‘When the gain is not restricted the 
compensator pole and zero may be placed at any locations which satisfy 
the requirement for the angle D . The simplest approach in this case 
is to select one of the points (perhaps the zero) arbitrarily, then 
lay off the angle PD with a spirule to locate the other point (Sola 
The method quoted is obviously the most rapid manual method of solution 
in this case, but there are at times advantages to having a mathematical 
rather than graphical solution at hand. Especially when there is ready 
access to digital computing machines. 

To shorten the derivation the notation here will be abbreviated 
where it will not cause undue confusion. The notation G (-r) as the 
evaluation of the transfer function at the point -r has not been 
used before but is useful at times. The magnitude and angle at a 
point -r are then respectively IGen]” and = / GC?) 

ee 
In the notation used in the compensator equations IG (2) = on 
In the usual manner a transfer function has been specified as, 


Pu Gy. (S) and it is desired to find a network with one pole and 


ae = es ce 
one zero that will produce a new system HA hee Cn Cee 


S--Naba tjHR K = ee 
with a root at v where ay 


fe 


is4Z_) 
re 
and G(s) = is the transfer function of the compensator and 
oA ) (s+P_) P 
(Ge —F7. -—# are the singular points to be included in the 
- / 
system, As defined above the transfer function evaluated at -r is 


ae R. Ross, T. C Warren and G. J. Thaler, Design of Servo Compensation 


Based on The Root Locus Approach. AIEE Transaction Paper No. 60-779, 1960 
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Sie 2 a} 
Sn) 


[ Gen) ee . And considering the reciprocal of this function we 

have the usual gain and phase angle at a point which could be written 
IG 

as Ge Eso ome. 


From Figure 2-2 it can be written 


ie A iC A 
é - 2 ra x 


Since -r is to be a point on the root locus of the new system the 


phase angle criterion may be applied in the form: 





/ ‘ ; 
ne SGC) /G Ca) kana 


QD +fZ 
3 eo fe ae 


By taking the tangent of both sides of Equation 11.3 it is observed 


that: 
sh ~ 4 
11.4 ee Gos — re os 


And applying the same procedure to Equation 11.1, 


- Coe ws ag Caz Ze 
INES UN eae ae a ni = paar 
| * Lin Ds taur te 


And substituting the results of 11.5 into Equation 11.4 and rearrang- 


ing produces; 


‘ y ae va : ot rp ; 
na Cand Mir ben 6 ter G ) Con Go, 


At this point an examination of Figure 2-2 indicates that 


(© 





4 a 
Ci1r = = =e — . 
2 ot 
11.9 oer. iar 
( GG) 


hse 


Cun Z) can be evaluated as K 6 67} ; or the angle vA » may be 
measured and oe Z found Ee the slide rule or table. 


Siypsticutce l).6 and 1129 intowlia/ as tollows: 





| 7 co 
oe Lise 7 Coz naa “aS 
ee (Z I ce Ce ae ig ee 
0 lan Y / Sr = a ea ae 


On 7 0 OF ie C % i 


Multiply 11.10 by ( on + ae | cee a i Ag 


PL aale | oe a Ze No a i Pe Vie ip ya lo). land = LO 7 (oA oe ) 
— tn (A +E) 


moiltiply Il ll. by (Presse LZ) ‘| 


OS (35 +Z lr 2 p> ie co ee 





and collect terms 


ee 2 ss). fs 
sh a asi Gaereore 2 )o, Toate tu, = lin (Ze-le 
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or 





OT, since CF - ox a ey ee 
ay! ae Fe 





nas Zh +(2. +2) +(R-2)et tle) = 0 
lan Jf < 


Equation 11.15 can be solved explicitly for either Ee ray & Z in 


terms of the other parameters as follows: 








pay mer ———— 7 2. 
US ROE i Ag) ™ Clon 
a! > a i. ae 
io > A OR Tete = 7e- 
ae Cr! re 2 
jv Z. (Tn — tong} tm 
helkge 26 So ae eg ce= 
Ze a ate mig: 





If the steady state error coefficient has not been specified, 
then it is possible to locate the root merely by picking a desired 
Z and solving 11.17 for Poe (Or conversely, using 11.16), Once a 
value of Z or Pe has been picked, at most two real solutions for 


the other exist (corresponding to lead and lag networks). 
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It may be that for some reason Xx is specified. In that case 


the following solution cai be nade. Since; 
ae 
[- ora = 


and substituting//.18 into//.15: 





11.19 ~*~ fa Z (1 ther ee Oa 4+ Qe 
Cae 


Or 


= - 
11.20 a i ae (x 41), O-a) 2 | +- LU, K =o 


ih 
é 





Make the following replacements: By) ise We 
B= [cong + (9) 2 | 


so that: 


er arene by application of 





the quadratic equation. 


To complete the solution the value of Z from .2l is then substituted 


into .18 to find Pe 


Another interesting manipulation is to solve explicitly for in 


terms of Zoe 
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ei aie 


ra = 
ive a aaa COs ~ Ze rie vi Z. |r jp On [+@nd-0 


or 








Ve 
: D= (H+ Ee 
a ce ) 
11.24 — —— =e ZoD WIMETS LF nthe 
, = a a 
ya 15a Gin (Ee (0, oo 


C Leer J 


If a given point (-r) is chosen, it is then of interest to 
consider the "best' attenuation ratio that is possible at that point. 
Since D and E in Equation//.O4 are constants for a given choice of 
-r it should be possible to take the derivative of with respect 
to Zoe Setting this derivative equal to zero we can find a value of 
Z which causes © _ to be a maximum, and using this value in 11.24 


find the value of that maximum. 


nes OK BF tw 2)2240)- E+ PZ )E 
EPs (2. F + coi )* 
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Now, set 11.25 equal to zero and solve for Z finding: 


oa ee A fp, eas 
fH — aay 2 OU, ie Visor bu pas Ve 
/ y's ve 
A MAX 
OR NAS 


Z ; | i 

Coe as Ley yy, Ce Ps 

eee eh eee Nina IN a 
i. 


Le 


Rather than put 11.26 into 11.24 it would be easier to evaluate 11.26 


numerically and then substitute in//,2h to find the maximum possible 


30 -f 


k 
le: i 
Example: 1 Given the system k Gos) Pe 
It is desired to locate a root at: -r = -6 + j 10.4. 


0) ae ke ae 
Zo= -244.2 
GUT. -2, 06F 
Pz 642° 


I 


(a) Choose Zz. oe 4 


Then from//.17 


es 


é 





JO. F&F 
ae ay sary 8 


ea ke 


AND 


i ee 
fz 7e 





8h 


s+0 ) 


je | 
4(~6 ~ -7 008 }+ 1442 


Ae, © 





Example (1) (Cont. 


(b) Choose <X = 72 use Lquation 20 or 2, 


4 


= = . 
Con Y, 


a a5 Z./-402] J ene) 


= = +. Ve as >, G i 


and 3.95 is the desired solution. 
(Slide rule was used for all calculations). 


From ///f FE 7 EB = 19,75 


Which compares reasonably with Part (a) values for 


P and Z ‘ 
(2 © 


(c) Choose z = , calculate OX from Equation//.24. 





2 Pp = —/1. OF 
ae Ets 
ot 2 Tb et 007) eee 
CO Gy ee Jd 04 
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Example (1) Cont.) 
(d) Find Z ahd Cae 
ee ae ee en eee 
Zo. nn = Wx =- 5/5 2942 





A may 


And if a lead filter is under consideration: 
The solution desired is Z 


215 
Dalai 


Using Equation//,24 with Z 


—— GIS) +s )CN3) ag 7 
AnAy (5,15 )(-97) +0442) 
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12, APPLICATION OF CONCEPTS OF SECTIONS 4,6,7 and 10 


Typical third order system: 


The example illustrated is one developed partially in the Ross- 
Warren thesis Page 99ff. (8 The same pole configuration was chosen 
to study here to permit verification of results reported by Ross and 
Warren. The large fold-out (Figure 12.1) should be referred to. 


The basic uncompensated open loop transfer function is; 


Oe eee 


The unity feedback, closed loop roots of this system were verified 





(See below) to be me = -16.62 
“r) = -.31 -+- j5.02 
5 = - 31 — jose 


The following functions were used in plotting the various loci on the 
figure. 


(1) The basic 180, 360 and 540 root loci: 

| Sa 77 
TACO @ 

SOrtHG 6/5) 


(2) The single section lead network limit locus 


hae 2 ee ate a 
a [ St4 82 [5 +3 / 1) § va)fs a 3/2) $02 | 
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(3) The single section lacetimnie locus 


4 tit ; ne ey fet) i 
(1) slsosti(sr ss) a _ © 

foi Gee ae ee ~ ay 
ly } | s oa fae AGL es Bigg ae +) oe ej |/s ee) Bee) 


(4) The loci of coistant compensator pole zero ratio in the single 


section lead zone. 


ina 


(2x Jena NG 21s ore G 
© SLC h Grn )(s 459] 


(5) The loci of constant compensator pole zero ratio in the 


single section lag zone. 


edd \iCs4 7642) 9 bast) $02M5+.3/-y Sez) -€ 
‘ SiC ser \srn sen) a 


(6) The loci locating points on the Two section lead network 
dim t-‘locus.. 


= ee 


be 5 CSF2 Zz ) ee 


alae tUELEYS +.3/ tye ceyst 31 re oz) 


(7) The loci locating points on the Two section lag network 


limit locas. 


C | Sratjfecermer] 


oe (5 FILO) Fe ae) 2,02 )(s Bone —j 502) 
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In plotting all loci the “spirule. was used as the basic tool. 


However, 


the basic locus was checked by evaluation of the root locus equation 


and a plot of gain vs 


recorded for reference, 


Points on the Root locus equation were computed as follows; 


rc 


( 


mrPrYQY ON wre CO 


100" 


Pty 


locus ) 


Cy 


Hele 
CeOt 
9.54 
eres 
13.82 
Nae 
ie (5 
19,65 
3 44 
SB, 
le fere 


O- 


undefined 


Some of the 


cs 


360° 


Se 


calculations are 


igeus) 


Points of emergence were found by solving the equation: 


Some of the values used to plot a curve of 


ere aa 


CUO = 


a 


ChiMiaee 


The roots of this equation are; 


were: 


- 


SD 
LO sO 
216.5 
“16.6 


fe epee mes Lf “Gr 

Cre ae GC A 7 / 

oa ~ 
eo) ee - oo fe a 
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+15 


1! : i 
Gain vs the real root 





By a similar plot the points of emergence and entry were found on the 


-540° locus as ° 


All of the root loci configuration discussed in this thesis were 
verified by setting them up on the ESIAC computer. One example of an 
ESIAC plot is included as part of this section. See Figure 12-2, 

This figure is the ESIAC plot of some of the loci plotted on Figure 12.2. 
To facilitate comparison the numbering of the two diagrams indicate 
indicates the defining functions listed in this section. The small 

dots along the solid lines in Figure 12-2 are the marks made by the 

ESTAC spark recorder. The solid lines were drawn in by hand, to permit 


adequate photographic reproduction, 
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13. CONCLUSIONS AND RECOMMENDATIONS 


A considerable portion of the literature on feedback control systems 
is devoted to the analysis and design of compensation in linear systems. 
The approach of this investigation falls in between the purely algebraic 
attack on the problem and the purely graphical method. This statement 


is illustrated by reference to two recently published articles, 


Aseltine GA) SEES QUE Eo develop arstricely linear algebraic coluLion 
for a compensator function to meet both the closed loop and open loop 
specifications. An examination of the examples worked by Aseltine 
indicate that in practice the constraints are exactly those considered 
here; i.e., the plant, the open loop gain, and a single pair of dominant 
closed loop poles are specified. The shortcomings in most situations 
are the same as those encountered in this thesis; there is no control 
over placement of roots other than the dominant pair. The algebraic 
solution for the compensator function becomes very cumbersome as the 
order of the system increases. By comparison, the graphical root locus- 
trigonometric solution by the compensator equations is only slightly 
more involved when increasingly complicated open loop functions are 
considered, In this thesis the root-relocation zone concept is used 

to test the validity of solutions, while Aseltine applies the inverse 


; ern : 1 
root locus technique to establish the possibility of a solution, 





et ey ae Aseltine, "Feedback System Synthesis by the Inverse Root-Locus 
Method . IRE Conv. Rec, Part II p. 13-17, March 1956. 


o 





While the methods of this thesis are more graphical in nature than 
those developed by Aseltine, they do not approach the other extreme 
represented by a paper by Garpente = Carpenter's approach allows 
incorporation of all closed loop and open loop pole and zero specified 
locations by a fairly simple iterative graphical scneme. As in other 
methods, with a reasonably large number of specified poles and zeros 
the method rapidly becomes unmanageable. Carpenter's method has a 
real advantage in more easily handling complex compensator poles and 
Zeros. 

The root relocation zone concept appears to have a number of 
applications in analysis and design of feedback coutrol systems, As 
presented here the restriction of the discussion to the idea of passive 
lead and lag networks and unity feedback systems may have beclouded some 
of the more attractive extensions of the method. Therefore, the primary 
conclusion (and recommendation) is that a more general development of the 
root relocation zone concept be made and that it be extended to a 
variety of situations including multiloop systems with active elements 
in the feed back paths, 

The fundamental contribution of this pursuit may well turn out to be 
'a better understanding of the effect of variation of parameters and addi- 
tiou of terms to linear functions of a complex variable of higher order, 
At the present it appears that in teaching compensation techniques the 
root-relocation zone coicept leads to a better understanding of the 
effect of lead and lag networks than does explicit examination of the 
2. W. be Goarpedcer, “Synthesis of Feed Back Systems With Specified 


Open-loop and Closed-loop Poles and Zeros , Space Technology 
Laboratories, GM-TM-0165-00355, 15 Dec, 1958. 





System root locus, or analysis by the usual graphical frequency response 
methods. It is felt that the root locus method in general would be 

a great asset in the teaching of the theory of equations and functions 
of a complex variable. Methods such as investigated in this thesis 
should therefore find application in educational fields not directly 


linked to feedback control systems. 
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APPENDIX A 


BLOCK DIAGRAM MANIPULATIONS 


This interesting variation on the method of derivation of Limit 
Locus defining functions was pointed out in lecture by Dr. R. C. H. 
Wheeler. There are a number of ways to set up the basic block diagram. 
Only one representative example for lead aid lag networks respectively 
will be presented here. Figure A-1 for a single section lead network 
and Figure A-2 for a single section lag network are considered 
elementary enough to not require further explanation. The derivations 
of section 4 provide the motive for setting up the diagrams. 

Block diagram manipulations of this type are a standard technique 
for various other applications. For examples similar to those presented 
here see Smith, O. J. M., Feedback Control Systems, page 207, [4] and 


ESI Engineering Bulletin No. 21, Figure 6, [10] : 


ot 





LEAD NETWORK SINGLESECTION LIMIT 
LOCUS FUNCTION, BY BLOCK DIAGRAM 
MANIPULATION 
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Figure A-1 
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LAG NETWORK SINGLE SECTION LIMIT 
LOCUS FUNCTION BY BLOCK DIAGRAM 
MANIPULATION 
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Figure A-2 
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